Abstract. We give coordinate formula and geometric description of the curvature of the tensor product connection of linear connections on vector bundles with the same base manifold. We define the covariant differential of geometric fields of certain types with respect to a pair of a linear connection on a vector bundle and a linear symmetric connection on the base manifold. We prove the generalized Bianchi identity for linear connections and we prove that the antisymmetrization of the second order covariant differential is expressed via the curvature tensors of both connections.
Introduction
In the theory of linear symmetric (classical) connections on a manifold there are many very well known identities of the curvature tensor (see for instance [1, 4] ). Some of these identities can be generalized for any linear connection on a vector bundle.
In this paper we give the coordinate formula for the curvature of the tensor product connection K ⊗ K ′ of two linear connections K or K ′ on vector bundles E → M or E ′ → M , respectively, and we give also the geometric description of this curvature. We prove that the curvature of K ⊗ K ′ is determined by the curvatures of K and K ′ .
The above results are used in the case if one of linear connections is a classical (linear and symmetric) connection on the base manifold. We introduce the covariant differential of sections of tensor products (over the base manifold) of a vector bundle, its dual vector bundle, the tangent and the cotangent bundles of the base manifold. We prove that such (first order) covariant differential of the curvature tensor of a linear connection satisfies the generalized Bianchi identity and that the antisymmetrization of the second order covariant differential is expressed through the curvatures of linear and classical connections.
All manifolds and maps are supposed to be smooth.
Linear connections on vector bundles
Let p : E → M be a vector bundle. Local linear fiber coordinate charts on E will be denoted by (x λ , y i ). The corresponding base of local sections of E or E * will be denoted by
Its coordinate expression is
Definition 2.2. The connection K ⊗ K ′ is said to be the tensor product connection of K and K ′ .
Remark 2.3. We remark that this concept was introduced in another way in [2] , p. 381.
The tensor product connection is linear, so we can define its tensor product connection with another linear connection and we have by iteration Proposition 2.4. A linear connection K on E and a linear connection
and it is easy to see that R(e⊗e
We have the coordinate expression
where we have put
Proof. This follows from the definition of the curvature, Proposition 1.9 and the iteration of Theorem 2.5.
Classical connections
Let M be an m-dimensional manifold. Local coordinate charts on M will be denoted by (x λ ), λ = 1, . . . , m, the induced coordinate charts on T M or T * M will be denoted by (x λ ,ẋ λ ) or (x λ ,ẋ λ ) and the induced local bases of sections of T M or
A classical connection on M is defined to be a linear symmetric connection on 
Let us denote by
with coordinate expression 
Covariant differentials
Let us note that the tensor product connection K p q ⊗ Γ r s can be considered as a linear splitting
q,s ). We define the covariant differential of Φ with respect to a pair of connections (K, Γ) as a section of E p,r q,s ⊗ T * M defined by
..µs . Then we have the coordinate expression 
Proof. The proof follows immediately from Definition 4.1 and the coordinate expression (see Proposition 3.2) of the connection K 
The generalized Bianchi identity can be expressed by covariant differentials as follows. Proof. This can be proved easily in coordinates by using Corollary 4.5. QED
